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Fixed-Range Optimal Trajectories of Supersonic
Aircraft by First-Order Expansions
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A near-optimal guidance law that generates minimum-fuel, minimum-time, or direct operating cost fixed-range
trajectories for supersonic transport aircraft is developed. The approach uses singular perturbation techniques to
timescale decouple the equations of motion into three sets of dynamics, two of which are studied here: weight/range
and energy. The two-point boundary-value problems obtained by application of the maximum principle to the
dynamic systems are solved using the method of matched asymptotic expansions. Both the weight/range and
the energy dynamic solutions are carried out to first order. The two solutions are combined using the matching
principle to form a uniformly valid approximationof the full fixed-range trajectory. Results show that the minimum-
fuel trajectory has three segments: a minimum-fuel energy climb, a cruise climb, and a minimum-drag glide. The
minimum-timetrajectory also has three segments: a maximum dynamic pressure climb, a constant altitude cruise,
and amaximum dynamicpressure descent. The minimum direct operating cost trajectory is an optimal combination
of the preceding two trajectories. It is shown that for representative costs of fuel and flight time, the minimum
direct operating cost trajectory is very similar to the minimum-fuel trajectory.

Nomenclature
= drag
mechanical energy height
normalized tangential force
new state variable
gravity constant
Hamiltonian
altitude
cost functional
cost of time
cost of fuel
lift
Mach number
mass
normal load factor
dynamic pressure
final range
thrust
time
controls
velocity
weight
distance
angle of attack
fuel flow rate
flight-path angle
small parameter
dummy integration variable
x adjoint variable
throttle
= air density
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T = stretched time

¢ = augmented costintegrand
¢y = costintegrand

()» = partial derivative with respect to x
Subscripts

0 = zero-order term

1 = first-order term
Superscripts

i = inner solution

o = outer solution

0 = ascenttrajectory segment
1 = descenttrajectory segment

Introduction

T HE high-speed civil transport (HSCT) has long been viewed
as the ideal aircraft for long-distanceroutes, and, although this
promising concept has been extensively researched in the past, it
still has yet to see fruition in the airline market. One of the primary
reasons for this is poor cost efficiency. With current technology,
an HSCT design that is cost efficient enough to compete with sub-
sonic transports while still meeting noise requirements may not be
obtainable.! = As technology advances, the search continues for a
HSCT design with the fuel efficiency and payload capacity to make
it viable in today’s highly competitive airline market.

A key aspect of the fuel efficiency and payload capacity of an
aircraft is its trajectory. There are many trajectories that will ba-
sically satisfy a given mission, but what is desired is an optimal
trajectory that satisfies the mission constraints while, for example,
consuming the least amount of fuel or requiring the least amount
of time. A trajectory consuming the optimum combination of fuel
and time produces the least direct operating cost to the airline for
a given mission. This paper focuses on the problem of generating
minimum-fuel, minimum-time, and minimum direct operating cost
fixed-range trajectories for an HSCT. The goal is to develop a guid-
ance algorithm for generating optimal trajectories that can be used
within a design synthesis code.

To avoid the cost of building every proposed aircraft design,
design synthesis computer codes have been developed to evalu-
ate new designs in an efficient and inexpensive manner. For exam-
ple, the NASA Ames Research Center ACSYNT* code combines
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aerodynamic, propulsion, structure, weight, and mission aspects of
aircraft design into a single optimization code. It computes con-
verged and optimized vehicles, that is, vehicles whose weight has
converged to the exact amount required for a specific mission and
whose parameters are iteratively optimized to minimize a perfor-
mance criterion. Included within ACSYNT is a subroutine that first
generates a trajectory for each mission segment and then simulates
the vehicle flying these segments by integrating the vehicle’s equa-
tions of motion. This trajectory routine may be called many times
while computing a converged and optimized vehicle. Because of
these iterations, the trajectory routine must be fast, efficient, and ro-
bust. In the past, ACSYNT has used simple, nonoptimal flight paths
inits trajectoryroutine. The guidancealgorithmdevelopedhere is to
be inserted into the trajectory routine for the purpose of generating
not just any trajectory, but optimal trajectories that satisfy mission
requirements and constraints.

Optimal trajectories may be obtained by direct or indirect meth-
ods. In the indirect method, the maximum principle is applied to a
given dynamic model and associated cost function, and a two-point
boundary-value problem (2PBVP) is obtained. Typically, as is true
for our case, the 2PBVP is nonlinear (without an analytical solu-
tion), of twice the order of the original dynamic model, and unstable,
making this a very difficult problem to solve. Numerical solution of
the 2PBVP requires a large amount of iteration and designerinsight
for tuning numerical parameters to prevent the solution from di-
verging. The constrictive requirements of the design synthesis code
preclude the use of an iterative numerical solution; therefore, we use
a differenttechnique to solve the 2PBVP in the guidance algorithm.

Singular perturbation techniques for solving nonlinear dynamic
systems have been in use since before the advent of computers and
numerical algorithms. These techniques break up the coupled full
system of equations into a series of smaller and simpler systems.
Each smaller system is solved separately, and the separate solu-
tions are added back together to form a composite approximation
of the solution of the full system. Notable successes of perturbation
techniques have been in fluids, vibrations, celestial mechanics, and
power systems.

The structure of a fixed-range transport aircraft trajectory is ex-
tremely well suited for analysis by singular perturbation methods.
The trajectory naturally consists of three different segments: ascent,
cruise, and descent. For supersonic aircraft, there may be an addi-
tional segment, a rapid transition in the ascent due to the transonic
drag rise near M = 1. This altitude jump segment was analyzed in
Ref. 5 and will not be consideredhere. The cruise segment of the tra-
jectory is named the outer problem and is modeled as weight/range
dynamics. It is assumed to evolve on a separate time scale from the
ascent and descent segments. The cruise time scale is the natural
time. On the other hand, the ascent and descent segments of the tra-
jectory evolve on a stretched timescale and are appropriately called
the boundary-layeror inner problems, which are modeled as energy
dynamics. The guidance algorithm capitalizeson this timescale sep-
aration of the fixed range trajectory into separate segments using
differentindependent variables for time.

Bryson et al.,* Kelly and Edelbaum,” and Kelly® noticed that the
velocity and altitude state variables of a particular dynamic model
of an aircraft were not timescale separable. They proposeda change
of state variables such that the new states were timescale separable,
and they substitutedthe velocity state with a new state known as spe-
cific energy or energy height. Furthermore, Kelly et al.” introduced
a new state variable f to replace the altitude state, and Ardema
and Rajan' derived examples of f along different segments of the
energy climb path.

In Refs. 11 and 12, Ardema developed an approach for using sin-
gularperturbationsand matched asymptoticexpansionsto timescale
separate dynamic systems and approximated their optimal trajecto-
ries. Moreover, these references contain the details of the approach
used in this paper. Ardema et al.,> Ardema,'® and Calise!*~'® used
this approachto solve aircraftflight performance problems. In some
cases the approach allowed elimination of the 2PBVP arising from
application of the maximum principle and derivation of the control
as a function of state (state feedback control). References 13 and
16 illustrate one procedure for matching and combining the outer
and inner solutions. A matched and combined outer and inner so-

lution is formed twice: once for the initial boundary and once for
final boundary. Then these two solutions are patched togetherusing
a condition at the intersection point. However, in Ref. 12 the initial
boundary, outer solution, and final boundary are all combined at
once using a single additive composite approximation. This com-
posite approximationis what is used in this paper.

Erzberger and Lee!” and Erzberger'®!° developed an algorithm
thatgeneratesoptimum fixed-rangetrajectoriesfor subsonicaircraft.
The algorithm uses zero-order terms only and assumes constant
weight. It is part of the avionics software used onboard subsonic
transports today. Erzberger and Lee also introduced the minimum
direct operating cost case by choosing a linear combination of time
and fuel rate as the cost integrand. Time rate was multiplied by a
constant representing the cost of time, and fuel rate was multiplied
by a constant representing the cost of fuel.

Aggarwal et al.?® solved the fixed-range optimal trajectory prob-
lem to first order in the inner problem and zero order in the outer
problem. They solved the minimum-fuel case only. The dynamic
model had weight and range on the same timescale. Results for
a C-141 aircraft for both short- and long-range trajectories were
given. It was shown that the first-order inner problem terms correct
for distance and fuel consumed during ascent and descent.

In Ref. 5, the fixed-range optimal trajectory problem was solved
to zero order in the outer and inner problems using a simplified
dynamic model. In this dynamic model the weight of the aircraft
was constant. In addition, the dynamic model was fully timescale
separated; that is, each of the state variables of interest had its own
timescale. The full timescale separation of the problem leads to
elimination of the 2PBVP and control in state feedback form.

In the present paper, we adopt the singularly perturbed model of
Ref. 20. This model is not fully timescale separable,and the 2PBVP
can not be completely avoided. The fixed-range optimal trajectory
problemis solved to first order in the outer and inner problems, and
the outer and inner solutions are combined into an additive compos-
ite approximation of the optimal trajectory. The guidance algorithm
calculatesthe control as a function of state and one unknown bound-
ary condition. This is the first time this dynamic model has been
completely solved to first order for fixed-range problems, and it is
the first time the single additive composite approximationof Ref. 12
has been used in solving the fixed-range problem. Also, this is the
first application of this method to supersonic aircraft trajectories.

Problem Statement

The singularly perturbed dynamic model comprises five state
variables: w, x, E, h, and y. It models the vertical plane dynam-
ics only and assumes a flat, nonrotating Earth. Also, cosy and
siny terms are eliminated using the small-angle approximation.
The throttle setting 7 is assumed to be a bounded control, and N is
assumed to be an unbounded control. The fixed-range optimal tra-
jectory problem is set up as a singularly perturbed dynamic model,

w=—p,
e2h = vy,

X =v, ¢E =F
gy = (g/v)(N = 1) (1)

where

v=+/2g(E — h), F=Tcosa—D)/w

N = (T sina+ L)/w
The associated cost functional is
tf
J =/ (Ky+ K,B)dt 2)
0

Different powers of ¢ in Egs. (1) denote different timescales.
Clearly, w and x remain on the same timescale as do & and y. The
weight/range and energy timescales will be solved to first order.
The altitude/flight-path angle timescale will not be considered in
this paper. In Eq. (2) we follow Erzberger and Lee!” and denote K
as the cost of time and K, as the cost of fuel.

The fixed-range trajectory problem is bounded by several state
and control constraints. The M upper limit is 2.4, and the g upper
limit is 1000 1b/ft>. The & lower limit is 1500 ft, and the /& upper
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limitis 60,000 ft. Also,  isbounded by maximum thrust, 7w = 1, and
idle. Idle is the minimum allowable power level the pilot can set the
engineto whilein the air. If the power levelis setlower thanidle, then
thereexistsarisk thattheengine flame couldbe extinguished.Here 8
is a non-linearfunction of 7z, h, and M. Finally, the standard 250-kn
maximum speed under 10,000 ft imposed by air traffic control is
ignored.
The Hamiltonian is formed as

H=—K, —A+rAv+rvF + 10y +A,g/v)(N—1) ()

where
A=K+ 2, @)
Using Eq. (3), we form the adjoint differential equations
hw = —AgvF,, de=0
Ej»E = iﬂE — AV —Ap (g F + vFE) — Myvgy
+ 4y (8/VH(N = Dvg

70 = 1By — hvi—he @i F +vF) = yviy +4y (8/v)NV = Duy
eziy = =\ %)

where F),, for example, is the partial derivative of F' with resect
to w. Each adjoint equation is multiplied by the same power of ¢
as its corresponding state equation in Egs. (1) (Ref. 5). The state
boundary conditions are

w(0) = wy, x(0) =0, E(0) = E,, h(0) = hy
y(0) =y, w(ty) = free, x(ty) =R
E(ty) = Ey, h(ty) = hy, y(ty) =yy (6)

where 7, is free. The transversality conditions provide the adjoint
boundary conditions,

2(0) = 1,(0) = Az (0) = A,(0) = A, (0) = free

Mip) =Ky h(tp) = hp(tp) = d(1p) = 4, (1)) = free  (7)
The maximum principle provides two necessary conditions for op-
timal control:

H =0, u = argmax[H] (8)

uel
where U is the set of all admissible controls. The second of Egs. (8)
is used to find the controls and is valid for bounded or unbounded
controls.

Egs. (1) and (5-8) make up a nonlinear 2PBVP of order 10.
There are 12 variables: 5 states, 5 adjoints, and 2 controls. For each
state and adjoint variable there is a first-order differential equation
[Egs. (1) and (5)], with associatedboundary conditions [Egs. (6) and
(7)]. Note thatexactly half of the boundary conditions are initial and
half are final.

The following procedure reduces the 2PBVP by an order of one
and replaces one of the adjoint differential equations in Egs. (5)
by the first of Egs. (8). First choose the adjoint to be replaced, for
example, ;. Then group the Hamiltonian into the form

H = —¢ + )‘-jfj
where

¢=¢o—ilzf[

2
and where f; is the state equation corresponding to A; and ¢y is
the integrand of J. Now the conditions in Egs. (8) may be stated
differently, but equivalently, as follows?!:

hy=9/f;.  u=ugminig/lf] ©)

Timescale separation of Egs. (1) and (5) creates three reduced-
order systems, only the first two of which are of interest here. The
outer problem or weight/range dynamics evolves in regular time
t, and the inner problem or energy dynamics evolves in stretched
time, T =t /¢. Once timescale separated,each systemis expandedin
powers of ¢, retaining only zero- and first-order terms. Finally, co-
efficients of like powers in ¢ are grouped together, forming four
sets of equations: zero-order weight/range dynamics, first-order
weight/range dynamics,zero-orderenergy dynamics,and first-order
energy dynamics. The process of timescale decoupling and expan-
sion of the equations is explained in detail in Ref. 11, but here we
simply state the resulting equations in Appendices A-E. The su-
perscript o denotes that the variable is associated with the outer
problem, weight/range dynamics, and the superscripti denotes that
the variable is associated with the inner problem, energy dynam-
ics. The subscripts denote whether the variable is zero order or first
order. The equations in Appendices A-E are used to produce the
major results that will make up the algorithm.

Zero-Order Weight/Range Dynamics
Equations (A1) and (A2) (see Appendix A) contain six functions,

FP=0, y =0, NJ=1 ,=0

5‘8/32“0 = AoVzo T AzoV0 Fios 5‘8/3;0 = MUy T Apovp Fiy (10)
The first 4 of Egs. (10) can be used to calculate 4 of the 12 variables.
In addition to the six functions, Eqs. (Al) and (A2) contain four
first-orderdifferentialequations with boundary conditions:two state
equations,

dw? ) 0
d—tU = —BJ, w§(0) = Cy = wy, wy (0) = free
dx?
- =% xO=C=x, x@)=R (D

and two adjoint equations,

dig - _ .
dt” = =A%V F?,, 15(0) = free, M) =Cr =K,
dae
TXU =0, 2%,(0) = 2% (1) = Cpr=free  (12)

The C are free constants of integration used to match the weight/
range solution to the energy solutions. The section on matching
shows how the C relate to the state boundary conditions.

The third of Egs. (10) and first of Egs. (11) constitutetwo relations
for calculating N and w. Because F' = f(w, E, h, N, 7), two of the
three variables E, h, and m must be given to calculate the third. We
choose to use the necessary conditions of Egs. (9) to generate E and
h. Consequently, 7 is found using F' =0, from Egs. (10).

Substituting the first three of Egs. (10) into Eq. (3) results in the
zero-order weight/range Hamiltonian equation,

Hy = =Ky = aBg + Algug = 0

Note that in Egs. (12), all of the boundary conditions except one
are free unknown constants to be determined by the 2PBVP, and the
known constantis given at 7. Furthermore, A, is constant for all 7.
The preceding conditions plus the alternate form of the necessary
conditionsin Eqgs. (9) suggestthe followingalgorithmforcalculating
zero-order weight/range dynamic variables:

1) Guess the final weight of the aircraft wy.

2) Choose A, as A; in Egs. (9). Evaluate the control variables and
Ay att; using w, from step 1, Eqs. (10), and the following:

o =& _ KA KA
v v (ty)
E? K, + K,B8°
0 } = arg min |:1—2ﬂu:| Fo—o (13)
h E.heU Ve 0=
0 y(’:U
0
N =1

where ig(t/-) = K, from Egs. (12).



WINDHORST, ARDEMA, AND KINNEY 703

3) Choose 2 as A; in Egs. (9). Begin evaluation of the control
variablesand A beginningat 7, and moving on to subsequent? using
Eqgs. (10) and the following:

T
Cf =B
E? K, — A%
0 } =arg min | ————020 ) (14)
h Eheu B FJ=0
Y5 =0
No=1

where A, is given by Egs. (13). Once the control variablesare calcu-
lated at a given ¢, integrate Egs. (11) to find the states at the next ¢.

4) When w/ from step 1 is reached, stop. Proceed by calculat-
ing the first-order weight/range, zero-order energy, and first-order
energy solutions. Match the inner and outer solutions, and form the
additive composite approximation. Check to see if the composite
approximationrange matches the desired range; if not, determine a
new w s by a suitable one-dimensionalsearch procedure,and repeat
the process until convergenceis obtained.

The preceding procedure does not eliminate the 2PBVP, but it
does result in a relatively simple one. The procedure simplifies the
problem in that only one unknown boundary condition, w;, must
be guessed instead of two, A, and A. In practice, the iteration could
be avoided by making a graph or table of precomputed w s vs R for
a given aircraft. The desired w s could then be found from the table
or graph.

It can be shown that Eqs. (14) give the same controls as do the
fourth and fifth of Egs. (10), and that Egs. (13) are the same as the
fourth and fifth of Eqs. (10) evaluated at 7, (Ref. 21).

The zero-order weight/range dynamics have two special cases:
minimum time and minimum fuel; these will be discussed now.

Minimum Time, K; =1 and K; =0

Substituting the preceding values of K, and K, and the adjoint
into the optimization functions in Eqs. (13) and (14) produces the
following simplified optimization functions:

1
- (15a)
vy (t5)
from Egs. (13), and
2lty) — v (15b)

0V tr)

from Eqs. (14).

Recall that the optimization function in Egs. (13) is minimized at
t; and that the optimization function in Eqs. (14) is minimized at
all . Therefore, Egs. (13) produce controls maximizing v at 7, and
Eqgs. (14) produce controls that drive the current v to the final opti-
mum v at 7, and maximize 8. This solution makes sense because to
reach a destinationin minimum time, one travels at maximum speed.
Furthermore, it is desirable to burn off fuel quickly to minimize D.

Minimum Fuel, K; =0 and K, =1

Substitutionof the preceding values of K| and K, and the adjoint
into the optimization functions in Eqs. (13) and (14) produces the
following simplified optimization functions:

By (tr)
—_— 16
W) (16a)
from Egs. (13), and
_BE) v (16b)

vo(tr) By
from Eqs. (14).

Again, recall that the optimization function in Egs. (13) is mini-
mized at 7, and that the optimization function in Egs. (14) is mini-
mized at all #. Minimizing the ratio 8 /v is equivalentto maximizing
the Breguet factor (see Ref. 5), provided B is a linear function of
7 (not assumed in this paper). Equations (13) produce controls that
minimize /v at t;, and Egs. (14) produce controls that minimize
B/v and drive the current 8/v to the optimum /v at 7. This solu-

tion makes sense because to reach a destination using a minimum
amount of fuel one travels such that the fuel burned per distance
gained, B /v, is minimized.

First-Order Weight/Range Dynamics
Substitution of Egs. (10) into Eqs. (B1) (see Appendix B) pro-
duces the following three algebraic relations:
Y 1 dE} .

Fo= L 4% =0,
P g

N=0 (17

Substitution of Egs. (10) and (17) into Eqgs. (B2) produces the fol-

lowing three algebraic relations:

d)\'%U Jo0 Qo o0 po o .0 o .0 o .0 o

“ar = M Bgo T 2Bz — AL1VEg — AloVEr — A1V FR
= xpo(VEo FY + 00 Fgy + v )

__yo0po0 30RO 30 .0 __ 40 .0 __ 40 .00
0= 41850 +25B51 — A% Vho — AloVn — 2100 Fip

— Ao (v FY + 00 Fpy + v Fpy)
Anvg =0 (18)

Substitution of Egs. (10) and (17) into Egs. (E2) produces the fol-
lowing three relations from the first-order necessary conditions for
optimal control (recall that N is unbounded),

KBS+ M BY = M%) + A%v] + Ao FY
20 Flg + 250 (07 Fio + vg Fy) = 224(g/vg )vg — 22, (g /v)
KBl + By = Mo v oy + Mo (v Fey + vgF2y)  (19)

Eight of nine relations in Eqgs. (17-19) are used to calculate eight
first-order variables. The remaining four come from the first-order
differential equations in Egs. (B1) and (B2): two state equations
with solutions,

t
wy = _/ (ﬂz*oEf + Bioht +ﬂ;o”1{)) dn+CY
0

t
xp = f (B =n)dn+cy (20)
0

0

and two adjoint equations with solutions,
- ! -
k?=—/‘D%%E&+l%0ﬁﬁo+%F&ﬂdn+C?
0

A2, = const = C}* 2D

where the constants C will be determined later by the matching
condition. In principle there are 12 equations and 12 variables, and,
thus, the problem can be solved. Unfortunately,Eqs. (17-19) contain
terms having second-order partial derivatives, for example,

Fpy = Fiyow) + FRpoEV + FRoht + FryoNY + Fpoomy

In ACSYNT, the aerodynamic variables are calculated by different
methods dependingon which zone in the flightenvelope the airplane
is located in. Using these different methods causes small disconti-
nuities in the aerodynamic variables at the zone boundaries, making
the calculation of second-order partial derivatives difficult and, in
general, unreliable.

To make the solutions of Egs. (17-19) tractable, two assumptions
are now made. First, it is assumed that optimal cruise flight is at
full throttle and, thus, 7§ = 1 and 7ty = 0. Second, it is assumed that
the cruise speed is always on the upper M boundary of the flight
envelope. Both of these assumptions must be checked for validity
in any numerical solution.

Accordingto the standard atmosphericmodel, the speed of sound
is constant for the span of altitudes encompassing the M bound.
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Therefore, we can replace the M bound by a velocity bound, and
we add the following state constraint to the problem:

\Y 2g(EO - ho) — Umax < 0 (22)

Equation (22) is adjoined to the Hamiltonian by a multiplier u, with
the property

V< Umax = =0, V= Upax > (0 F#0 (23)
Expanding Eq. (22) in powers of & produces
E)+¢EY = (2, /28) + h) + ehe (24)
Equating terms in Eq. (24) with like powers of ¢ yields
E0 =h (25)

Now expand F, substitutein Eq. (25), and use the third of Egs. (17)
to get

Fy = Fiwi + E{(Fp, + F},) (26)
Substituting Eq. (26) into the first of Egs. (17) and solving for E
give
= —[_0_0 - F;’,Uw;’:| @7
(Fpo+ ) Lvg dr
Finally, substitution of Egs. (25) and (27) into Egs. (20) produces

,,__/’ (B2 + B1o) [idEg_
0

T g+ Fp) Ly

F;Uw;’:| dn+CY

x; =Cy (28)

A possible interpretation of wy{ is that it is a correction to the
vehicle weight accounting for extra fuel burned while the vehicle
slowly gains energy and altitude during the cruise trajectory seg-
ment. Recall that although ¥ =0 in the zero-order solution, E can
change because it is used as a control. Here wg accounts only for
fuel burned in steady-state flight at each altitude point during the
cruise segment; it does not take into account extra fuel required in
transient flight to the next altitude point.

Zero-Order Energy Dynamics
Equations(C1) and (C2) containthe followingconstantvariables:

; wy, ascent ; 0, ascent
wU = xU =
w, descent R, descent
K; —1%,v3(0
S Sl ) A
Ay = —B;(0)
K,, descent
) K, +K,Bo(t,
Ao = ;}W, ascent and descent 29)

vy (ty)
and provide the following four additional relations:

vi=0, Ni=1, Ay=0

Ai)ﬂ;io = )\'f\’UvilU + )"[EU(U;.IUFG. + UéF}iU) (30)

Furthermore, there are two differential equations

dE; i A, _Tigi i i (i i i i
?_UUFU’ dz _)‘UﬂEU_)‘xUUEU_)‘EU(UEUFU+U(JFE(J)
31

with boundary conditions depending on whether the trajectory seg-
ment is ascent

Ei(z' =0) = E,, Ei(r' — o0) = EZ(0)

Aeo(x! = 0) = free, Mo (xh = 00) = 19,(0)  (32)

or descent
Eé(r2 — 00) = Ej(t)), E("J(r2 =0)=E;
Moo (T2 = 00) = A%, (2)), Aoo(x? =0) = free  (33)

where ! =1 /e and t* = (t; — ) /e. Compliance with the boundary
conditions in Eqgs. (32) and (33) requires that v F must satisfy the
following inequality constraint!:

> 0, ascent
vF

<0, descent

Substituting the first two of Egs. (30) into Eq. (3) results in the
zero-order energy Hamiltonian equation,

Hy = =K1 = KBy + Mgty + Mgt Fy = 0

For the energy dynamics, we calculater and & using the necessary
conditions from Eqgs. (9). Choosing Ag as 1 ; yields

D¢ K+ AB — Mg
AMpp == = - i~
f vy Fy
hi Ki+ 2By — Mo
(j. } = arg min m ‘ (34)
ST TR L

i
Ny=1

where y =0 and N =1 come from Egs. (30). The equivalence of
Eqgs. (34) to the last of Egs. (30) and the first of Egs. (E1) is shown
in Ref. 21.

The zero-order energy dynamics solution has four special cases
of interest: minimum-time ascent, minimum-fuel ascent, minimum-
time descent, and minimum-fuel descent. After substituting in the
values of the constants and adjoints, the simplified optimization
functions can be separated into two parts. One part drives the states
and controlsof the inner problemtoward the state and controlbound-
aries of the outer problem, and the other part optimizes the cost.

Minimum Time, K; =1 and K; =0

Substituting K| and K, and adjoints from Egs. (29) into Egs. (34)
produces the following simplified optimization functions:

For ascent,vF >0

prO[van — vl - Al - O] 1
BS (0)v (1) |vi F|

(35

For descent, vF <0

vg(ty) — v o |
e T

(36)

Recall that Eqgs. (34) stipulate controls minimizing Egs. (35) and
(36). The term on the left in Eq. (35) drives the ascent states and
controlsto those at the beginningof cruise. Likewise, the term on the
left in Eq. (36) drives the descent states and controls to those at the
end of cruise. Furthermore, the term on the right in both equations
produces controls that maximize the absolute value of the specific
excess power of the vehicle. The actual controls chosen depend on
the product of the left and right terms. Typically, the right term
dominates the choice of controls unless cruise is close by. When
cruise is near, then the left term dominates.

The restrictionson v F, in effect, impose two different constraints
on  for ascent and descent. For example, during ascent, the only
allowable throttles are those that produce T greater then D. The
oppositeis true for descent. Because the rightmost term maximizes
the absolute value of the specific excess power of the vehicle, 7 is at
or near maximum during ascent and at or near idle during descent.
The very low m during descent causes F to behave like D [see
Eqgs. (1)]. Thus, vD is approximately maximized during descent.

The terms on the left in Egs. (35) and (36) are always positive.
During ascent, the optimization functionequals a positive value that
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decreasesuntilitreacheszero at the beginning of cruise. Conversely,
during descent, the optimization function begins equal to zero, end
of cruise, and increases from there.

Minimum Fuel, Ky =0 and K, =1

Substituting K, and K, and adjoints from Egs. (29) into Egs. (34)
produces the following simplified optimization functions:

For ascent,vF >0

Bty (v8<0) - v_) _h 37)
) \B O By [uiFi|

For descent, vF <0
Baiy) (va’(ff) B v_é) ;I (38)
) \Bip)  By) |uiFi]

Again, Egs. (34) stipulate controls minimizing Eqs. (37) and (38).
Similar to the minimum-time case, the terms on the left drive the
states and controls of the energy dynamics solution toward the states
and controls at the boundaries of the weight/range dynamics so-
lution. Furthermore, the term on the right produces controls that
minimize the ratio of fuel burned to energy gained. It is equiva-
lent to the optimization function that produces the minimum-fuel
energy-climb path.

During ascent, the term on the left produces controls that drive
the ascentv /B ratioto v/f at the beginningof cruise. Because of the
constrainton r that was discussed in the preceding minimum-time
case, the ascent v/ approachesthe cruise v/8 from below, forcing
the optimization function to always be positive. The descent case is
different. Now the constrainton 7 allows very small 8, that s, idle.
Atidle, B is small enoughto drive the descentv /g largerthanv /g at
the end of cruise, where idle was not allowable due to F = 0. These
descent and cruise v/ ratios make the term on the left of Eq. (38)
negative. The negative sign changes the optimization process from
a minimization to a maximization. Moreover, at idle 77, the term on
the rightbehaveslike 1 /v D because T is almost zero and S is small,
making w almost constant. Therefore, maximizing the term on the
rightis equivalentto minimizing v D. Minimizing v D is the opposite
result from what was derived for the minimum-time descent case,
that is, maximizing v D.

First-Order Energy Dynamics
Equations (D1) and (D2) contain three functions,
1 di} vy . 1 da,

= ——0 N = ——, =——
¢ v, dt ! g dr h vh dr

(39)

and six differential equations whose solutions may be expressed in

integral form as
—/ B dn, x{=/ vl dn
0 0
gi= [ Girgm) e H=— [ i
0 0

Ay =0, )‘[El Z/ (iaﬂ[Eo‘F"')d’? (40)
0

Equations (39) and (40) provide 9 equations for solving for 9 of
the 12 state, adjoint, and control variables. The other three variables
can be calculated using the & adjointequation in Egs. (D2) and two
of the three first-order necessary conditions in Eqs. (E2). Again,
some of these equations contain terms having second-order partial
derivatives. Fortunately, the two equations of interest in Egs. (40),
namely, the w and x equations,are easily solvable withoutthe others.
Notice that the only terms in these two integrals are of zero order
and, thus, are known from the zero-ordersolutions. In fact, the first-
order w and x terms can be interpretedas the obvious correctionsto
the zero-order solutions, which assumed a constant mass and range
during the ascent and descent.

Matching and Composite Solution

Once the four systems of equations are solved, each solution must
be combined such that their composite approximates the solution to
the full system. A key aspect in this regard is that the inner solu-
tion must asymptotically approach the outer solution boundary as
T approaches infinity. This is accomplished by the matching prin-
ciple. The matching principle is fully described in Refs. 11 and 12.
Additionally, the matching principle gives a procedure for deter-
mining the unknown constants of integration, C. It may be stated
mathematically as

im{y7(e, 1) — Y, )} =0 (41)

t—0
T— 00

where y represents any state variable. Note that ¢ must approach
zero faster than ¢ for T to approach infinity.

Because we have two inner solutions, one for ascent and one for
descent, we must apply Eq. (41) to each state twice. Following the
procedurein Refs. 11 and 12, we apply the rule to our states w and x:

Ascent for w is

CY +eCP —1B(0) + -+ -
limy °, ! ’?”().1 =0 (42a)
e>0 | —w'(0) —el!” + 1! (! — 00) + -
Tl—>OQ

and descent for w is

. wotp) +ewi )+ —0)Bg) + -+

o0 | =wi(0) —ew(0) +ely — (1 — DB (TP — 00) + -
If —t —

=0 (42b)
Ascent for x is
. {Cg +eCF +1tv5(0) + - - -
e~0 | —xit(0) + el
1

T — 00

} =0 (43a)

— il (r' = 00) 4 -+

and descent for x is
xg(tp) +ex{(ty) — (ty —yvg(tp) + -«

im 7 iy g L Vyi2(2
e—0 Xy (0) —ex"(0) — el + (t; — vy (r° — 00) +
tf —t—0

2
T°— 00

=0 (43b)

where the dots stand for the omitted higher-orderterms in the series

and
Tl—>OQ
1;5‘=f [Bi' (00) — 3]
0
' oo
I}f:/‘ [ (oo)—vu]
0

T =/T ﬂo[ 12(00) — B d
0

; f [vf? (00) = v§’] dn (44)
0

Equating terms of like powers in ¢t yields

—B3(0) = =B (v! = 00)

wi(ty) = w?(0) — 1%

~
[N
*
Il

v=wi'O)=w,  C'=1I",
wi(t;) = wi’(0) = free,

Bi(ty) = (2 — 00) By

Cy=x'(0)=x, Cj= —1;", vg(0) = vj!(r! — o0)

x0(tp) = x)7(0) = x0(tp) = x7(0) + 1>

—vg(ty) = —véz(r2 — 00)
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where the boundary conditions satisfy Eqs. (6) and (29). Although
not shown here, the adjoints are matched similarly.

Now we are ready to form the additive composite appro-
ximation'?:

e n=y€n+y"et)+y%6 )~ CPen—CPeD
(45)

where the C P are terms common to both solutions and cancel out
in Egs. (42) and (43). After setting £ = 1, the additive composite
approximationis formed. Substituting the weight/range and energy
solutions into Eq. (45) and simplifying yield

w' = wy — / (B — B5©) — By (tp)] dn — / By dn — / By dn
0 0 0

t t t
x*=xp +/ [vg —vg(0) — v(’j(t/-)] dn +/ vl dn +/ vit dn
0 0 0
(46)

x“(t;) is equal to xJ(t;) — I — I?". Thus, in step 4 of the zero-
order weight/range algorithm, we iterate until x“(7,) = R*, where
the asterisk denotesthat thisrange is different from the R usedto sat-
isfy the final boundary condition. Similarly, additive compositions
for E and h, if desired, are formed as

E* = Ej+ E}' + Ei* — E{(0) — Ey(tf)

h® = h{ + hi! + bt — hg(0) — h(ty) (47)

Results

The preceding algorithm was implemented into the NASA Ames
Research Center code, ACSYNT. Minimum-fuel, -time, and direct
operating costcases were run for a modified Boeing?? HSCT design.
Additional information on the model can be found in Ref. 21. A
range of 3000 n mile was chosen because it is approximately the
distance from New York to London and this route is ideal for the
HSCT. As will be made apparentlater, this designcould travel longer
routes.Figure 1 illustratesthe HSCT geometry and Table 1 lists some
of its parameters.

Figure 2 shows altitude vs Mach number for the minimum-fuel
case. The trajectory consists of three segments: ascent, cruise, and

Table1 HSCT parameters

Parameter Value Parameter Value
Gross weight 759,3001b Wing planform area 5,500 ft>
Fuel weight 416,6851b Wingspan 137.35ft
Payload Leading-edge sweep 48 deg
First-class passengers 30 Aspect ratio 343
Coach-class passengers 274 Body length 314 ft
Flight crew 2 Maximum M 2.4
Flight attendants 9 Maximum g 1,000 Ib/ft?

Fig.1 HSCT geometry.
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Fig.3 Minimum-time trajectory.

descent. The ascent contains two altitude jumps. The first occurs at
Mach 1 and is due to the transonic D increase. This jump results
in an altitude loss of about 10,000 ft. The second occurs at Mach
1.8 and is due to a temperature limit at the inlet of the engines.
The remainder of the ascent trajectory follows the ¢ boundary. The
cruiselies on the maximum M boundary and is at maximum throttle.
Thus, the two assumptions that were made in deriving the first-order
weight/range dynamics are valid. During cruise, the vehicle gains
about 10,000 ft of altitude. Finally, the descent is lofted, occurring
high in the flight envelope and maximizing range. The flight enve-
lope upper boundary is shown for comparison. It comprises stall and
altitude limited sections. The upper boundary shifts as the vehicle
decreases in weight. The vehicle weight at the end of the trajec-
tory was used to calculate the upper boundary shown. Recall that
the optimization function minimizes v D, which is similar to mini-
mizing D because low v corresponds to low D (this only holds for
regions of high M and & where the limiting constraintis loft ceiling,
and, therefore, @ must remain small). Furthermore, minimizing D
at constant w is equivalent to maximizing L /D.

Calculationof idle is difficult due to its proximity to engine flame
blow out. This causes the magnitude of 7' to be discontinuousat idle,
and the guidance algorithmis sensitiveto 7. Thus, as seenin Fig. 2,
there are small jumps in the descent trajectory.

Figure 3 displaysaltitude vs Mach number for the minimum-time
case. Again, the trajectory consists of three segments. In this case,
all of the segments lie on top of each other and follow the maximum
g boundary of the flight envelope. This aspect appears because the
minimum-time trajectory ascends and descends at maximum spe-
cific excess power, and maximum specific excess power is achieved
in the flight envelope at the ¢ boundary. Moreover, cruise lies at a
single point on the M boundary. Cruise does not gain altitude be-
cause by gaining altitude the trajectory also gains energy, and gains
in energy during cruise cause increases of flight time during descent.
Finally, minimum-time ascent contains the same two altitude jumps
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as minimum-fuel ascent. In this case, however, the jumps are very
small.

Figure 4 shows distance vs time for the minimum-fuel case. Here,
both the weight/range dynamics and composite solutions are plot-
ted to illustrate the additive composition process. Recall that the
weight/range dynamics solution ignores ascent and descent by be-
ginning and ending at the optimal cruise altitude and energy. There-
fore, it appears linear in Fig. 4. Conversely, the composite solution
accounts for ascent and descent by the way it diverges from the
weight/range dynamics solution at the beginning, follows it in the
middle, and divergesfromit again at the end. Furthermore, the flight
time is the same for both solutions, indicating that the additive com-
position process does not modify the independent variable . On
the other hand, the dependent variable x is corrected for ascent and
descent by the process. As illustrated, I!" and 12" [see Eqgs. (44)]
are magnitudes of the corrections. The other state and control de-
pendent variables are also corrected similarly. The independenceof
t on the additive composite procedure suggests that x would be a
good choice of independent variable for future analysis.

Figures 5 and 6 show altitude and energy height vs distance for
both minimum time and minimum fuel. The timescale separation
of h and E is illustrated by large changes in both variables occur-
ring at the beginning and end of the trajectories, with periods of
little change in the middle. Additionally, during cruise, minimum-
fuel trajectories gain & and E, whereas minimum-time trajectories
maintain constant 2 and E. Finally, note that altitude jumps are
visible on the minimum-fuel ascent in Fig. 6.

Figures 7 and 8 illustrate weight and flight time vs distance for
both cases. Again, timescale separation is shown. The solutions are
linear in the middle, where they model the weight/range dynamics,
and are smoothly curved at the ends, where they model energy dy-
namics. Moreover, the minimum-fuel case consumes less fuel, and
the minimum-time case uses less flight time. The derivatives of the
curvesin Fig. 7 appear discontinuousat points toward their ends be-
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Fig.7 Aircraft weight vs distance.

cause that is where the vehicle transitioned from full throttle to idle
to begindescent. Finally, Fig. 7 shows that the trajectoriesonly con-
sume approximately 225,000 1b of fuel. According to Table 1, this
amount of fuel is only a fraction of the fuel available; thus, the ve-
hicle could travel much farther if needed. Alternatively, the vehicle
could take off with less fuel and could travel the same distance more
fuel efficiently.

In addition, a minimum direct operating cost trajectory was gen-
erated. Values of K; and K, were computed to approximate ac-
tual costs to the airline. The values were found to be K| =0.94
dollars/s and K, = 0.105 dollars/Ib fuel. At these values, the mini-
mum direct operating cost trajectory was found to be very similar
to the minimum-fuel trajectory. This is because there is a larger
relative cost savings obtained by the minimum-fuel trajectory than
the relative cost savings obtained by the minimum-time trajectory.
For example, relative cost savings for the trajectories can be esti-
mated by taking fuel and time differences from Figs. 7 and 8 and
multiplying them by their corresponding costs:

25,000 1b x 0.105 dollars/lb = $2625 (relative savings,

minimum-fuel trajectory)
15min x 60 s/ min x 0.94dollars/s = $846 (relative savings,
minimum-time trajectory)

For different aircraft and/or atmospheric models, the cost savings
could be different, causing a different minimum-cost trajectory.
Similarly, the vehicle flight constraints and range also affect the
minimum-cost trajectory.

Although an exactoptimal trajectoryis not available for compari-
son with the two trajectoriesobtained here, there is reason to believe
the trajectories are highly accurate. First, for high-performanceair-
craft, it was found in Refs. 11 and 13 that although the zero-order
approximation gave very poor results, adding the first-order terms
gave a performance estimate within 1% of the value determined
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by a steepest descent solution. Second, for low-performance sub-
sonic transport aircraft, the zero-order algorithm of Refs. 17-19
was found to be sufficiently accurate for performance estimation
and even onboard guidance. Indeed, the first-ordercorrectionsof the
presentpaper are quite small, indicatinga high degree of asymptotic
approximation.

Concluding Remarks

A guidance algorithm for generating fixed-range near-optimal
trajectories of HSCT has been developed. The optimal trajectories
minimize flight time, fuel, or direct operating cost. The guidance
algorithm calculates the controls in feedback form, that is, as a
function of the current states. Its robustness and simplicity make it
ideal for implementationinto an aircraftdesign synthesis code such
as ACSYNT.

The methodologyis based on applicationof the maximum princi-
pletoasingularlyperturbeddynamicmodel. The resulting2PBVP is
timescale separated into two systems of equations: the weight/range
dynamics and the energy dynamics. The weight/range dynamics
model the cruise segment of the trajectory, whereas the energy dy-
namics model the ascent and descent segments of the trajectory.
Each system of equationsis expanded and solved to first order. The
solutions are then combined into a composite solution approximat-
ing the solution of the equations of motion.

Results show that minimum-fuel trajectoriesconsistof minimum-
fuel energy climbs, cruise climbs, and maximum L/D descents.
Minimum-time trajectories consist of maximum specific excess
power ascents and descents and constant altitude cruises. In our
study, the minimum direct operating cost trajectory was nearly iden-
tical to the minimum-fuel trajectory.

Appendix A: Zero-Order Range Dynamics
The state equations are
dug _ g, dx;
a "

0=y, 0==(Ng-1) (A1)

and the adjoint equations are

di({; o oo d)\';)(J
ar = =A%V Fyo ar

=0

0= Ao — AogVig — Mo (Vi Fy + Vi Fgo)
o o_..0 o g o o
— AuoVo Vgo + )\'VOF(NU — 1)UE0
0
0= A5 B1ty — MooV — Mo (V50 Fy + V5 Fity) — Aoy vig
o g o o

-H%T(NU —1)vg,

Yy

0= —A%v] (A2)

Appendix B: First-Order Range Dynamics

The state equations are

dw? 0 d—x;) o dE({J) [ 0 o 0
_dt =—p, ” =, I = v Fj + vy F|
NS — 1
0= g + 75l 0=%(Nf—°—ovf) B1)
Yo Yo

and the adjoint equations are

dj\'{1) o oo o oo o o d)\'f'l
ar =_)‘EIU(JFw(J_)‘EU(UleU+UUFw1)’ FZO
dAg

EO __3j0po J0 o o .0 o .0 o o o oo
dt = A Bro T AoBg1 — A% Ve — ALV _)‘EI(UEUFU +U(JFEU)

o o 0 o 0 o 0 o 0 o 0,,0
_)‘EU(UEIFU + g FY + v Fg + U(JFEI) = A Yo Vo

o 0,0 0,0 o g o o
_)‘ho(yl Veo T 0 UEI) + )\')/IF(NU - 1)UE(J
0
o g NO _l o o 0,,0 o o
+)‘yoF|:_2 Uvg Vo0 + N vy, + (N(J - l)vE1:|
0

0=AB + ASﬂZI = A Uho — A% — )‘%I(UZUF(;) + U({J)F}?U)

_)‘%U(UZIFUO + v FV o E, + Uthol) — A1 Yo Vo
8

_)‘ZU(VIOUZU + VUOUZI) + )‘;1 F(NS - 1)”;{;0
o

o & Ng —1
+AVOF|:—2 >

0 0

0= —A2,08 — A% (B2)

vpev) + Nivgy + (NG — 1)%}

Appendix C: Zero-Order Energy Dynamics

The state equations are

dw), dx} dE,
=0 _y, oy, =0 i
dr dr dr
il _ 8 i
0=ylv, 0_7(1\10—1) (C1)
0
and the adjoint equations are
g e
dr ’ dr
d, Ti pi i i(i i i i
dfo = ABro = AxoVpo — )‘EU(UEUFU + U(JFEU)
P i i 8 i i
—AoYoVeo + )\'yo?(NU - 1)UE(J
o
0= )‘éﬂilo - )\'f\’UvilU - )‘[Eo(viloFtﬁ + UéF;io)
P i i 8 i i
—AoYoVho T )‘yOT(NU - 1)Uh0
o
0=—x, v} (c2)

Appendix D: First-Order Energy Dynamics

The state equations are

dw! dx! . dEi

= —Fi. = L= v +ohF
dhj, o . dyi g(.. Ni—1.
— va + va’ = = Nl _ - UL Dl
dr Vito T Yolh dr v, ! v, ! ©®n
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and the adjoint equations are

di[] i ipi d)‘il
Fr
dad

EL_TJipgi 4 3igi 30 i i i yi (i Fi i i
dr =M Bro T ABr1 — A1 Vg — MoV )‘EI(UEUFU+UUFEU)

i(i i i i i i i i P il
_)‘EU(UEIFU + g Fy + v Fr + UUFEl) = X YoVEo

= Ao (o + 7500 ) + 24y = (N = 1)l
0

. Ni—
+)‘Lyoi-7|:_2 : i
v, Vg

L, i i i
VoV + Nijvgy + (No - 1)UE1
0

dai

h0 T pi Ti i i i i (i i
dr = M Bho T A0Bhi — A1V — AoV — Ay (Uh(JF(J
+ v Fio) — Xpo (Vi By + vio Fi + vi Fig + v Fi)
i i i i i &8 i i
— A1 Vo Vno — )‘hU(yl Vo T % Uhl) + )‘yl?(No - 1)Uh0
0
i 8 No—1 i i i
+)%7[—2 — viov) + Nivig + (N — 1) j,
Vo L)
d)d;,o i i
? = =AY — Aot (D2)

Appendix E: Necessary Conditions
The zero-order equations are

K, + ioﬂo = AUy + Agovo Fy + Apovoyo + )Myo(g/vo)(No -1
AeovoFyo = _)\-yo(g/vU)ﬁ ioﬂno = ApovoFro (El)
and the first-order equations are
)_»1/30 + ioﬂl = AV + Agov1 + Ag1voFo + Ago(vi Fo + vo F)
+ AnivoYo + Ao (V1Yo + voyi) + Ay, (8/v0)(Ng — 1)
+ Ay (8/vo){N1 — [(No — 1) /volur}
Ae1voFyo + Ago(vi Fyo + voFy1) = (g/vo) Ay (Vi /v0) — Ay ]
)_"lﬂnU + )_"Uﬂﬂl = Ag1V0 0 + Apo(vi Fro + vo Fr1) (E2)
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